Abstract. An alternative proof of low regularity well-posedness for the Chern-Simons-Dirac system in Coulomb gauge is given which completely avoids the use of any null structure similarly to a recent result of BournaveasCandy-Machihara. An unconditional uniqueness result is also given.
Introduction and main results
Consider the Chern-Simons-Dirac system in two space dimensions :
with initial data A µ (0) = a µ , ψ(0) = ψ 0 ,
where we use the convention that repeated upper and lower indices are summed, Greek indices run over 0,1,2 and Latin indices over 1,2. Here
Here F µν : R 1+2 → R denotes the curvature, ψ : R 1+2 → C 2 , and A µ : R 1+2 → R the gauge potentials. We use the notation ·, · for the inner product in C 2 , ∂ µ = ∂ ∂xµ , where we write (x 0 , x 1 , ..., x n ) = (t, x 1 , ..., x n ) and also ∂ 0 = ∂ t and ∇ = (∂ 1 , ∂ 2 ). ǫ µνρ is the totally skew-symmetric tensor with ǫ 012 = 1, and m ≥ 0 . 
The equations are invariant under the gauge transformations
The most common gauges are the Coulomb gauge ∂ j A j = 0 , the Lorenz gauge ∂ µ A µ = 0 and the temporal gauge A 0 = 0. Our main aim is to give a simple proof of local well-posedness for data ψ 0 ∈ H s (R 2 ) for s > 1 4 , especially we want to show that no null condition is necessary in the case of the Coulomb gauge. Critical with respect to scaling is the case s = 0. The same result was proven recently in Coulomb as well as Lorenz gauge by M. Okamoto [8] using a null structure of the system. Earlier results were given by Huh [5] Our result shows local well-posedness for data ψ 0 ∈ H s down to s = 1 4 + whichout use of the null structure. Therefore it works also for more general systems which lead to cubic Dirac equations of the symbolic form
An almost identical result was recently given by Bournaveas-Candy-Machihara [4] who were also able to avoid any use of the null structure of the system. Their proof relies on a bilinear Strichartz estimate given by Klainerman-Tataru [7] whereas we make use of bilinear estimates in wave-Sobolev spaces given by d'Ancona-FoschiSelberg [2] . Our result gives uniqueness in a certain subspace of
Thus it is natural to consider the question whether unconditional uniqueness also holds, namely in
We give a positive answer if s > 1 3 using an idea of Zhou [10] .
We exclusively study the Coulomb gauge condition ∂ j A j = 0. In this case one easily checks using (1) that the potentials A µ satisfy the elliptic equations
Inserting this into (2) and defining the matrices
where
In the sequel we consider this nonlinear Dirac equation with initial condition
Using an idea of d'Ancona -Foschi -Selberg [1] we simplify (5) by considering the projections onto the one-dimensional eigenspaces of the operator −iα · ∇ = −iα j ∂ j belonging to the eigenvalues ±|ξ|. These projections are given by
The initial condition is transformed into
We use the following function spaces and notation. H ± belonging to the half waves are defined by the completion of S(R × R 2 ) with respect to
where 
such that a − − < a− < a < a+ < a + + .
We now formulate our results. 
The unconditional uniqueness result is the following
The solution of (5),(6) is unique in
Fundamental for their proof are the following bilinear estimates in waveSobolev spaces which were proven by d'Ancona, Foschi and Selberg in the two dimensional case n = 2 in [2] in a more general form which include many limit cases which we do not need. 
holds, provided the following conditions hold:
Proof of the theorems
Proof of Theorem 1.1. By standard arguments we only have to show
where ± i (i = 1, 2, 3, 4) denote independent signs.
By duality this is reduced to the estimates
By Fourier-Plancherel we obtain
where * denotes integration over ξ 1 − ξ 2 = ξ 4 − ξ 3 =: ξ 0 and τ 1 − τ 2 = τ 4 − τ 3 and
The specific structure of this term, namely the form of the matrices α j plays no role in the following, thus the null structure is completely ignored.
We first consider the case |ξ 0 | ≤ 1. In this case we estimate J as follows:
where we used the embeddings B , which hold by [3] , Thm. 6.2.4 and Thm. 6.5.1. The last inequality follows from [9] , namely the Lemma in Chapter 4.4.3. The same estimate holds for α i = I. Similarly we obtain
for arbitrary matrices α i , so that we obtain
, which is more than enough. From now on we assume |ξ 0 | ≥ 1. Assume first that 
for the second factors we obtain the same estimate as before.
Remark:
The potentials are completely determined by ψ and (4). We have A µ ∼ |∇| −1 ψ, ψ , so that for s < 1 :
thus we obtain for 0 < ǫ ≪ 1 and s < 1 :
Proof of Theorem 1.2. We first show ψ ± ∈ X 0,1
. We have to prove
, where the implicit constant may depend on T . This follows from the estimate 
